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The log-transform has been a convenient choice in response time modelling on test
items. However, motivated by a dataset of the Medical College Admission Test where
the lognormal model violated the normality assumption, the possibilities of the broader
class of Box–Cox transformations for response time modelling are investigated. After
an introduction and an outline of a broader framework for analysing responses and
response times simultaneously, the performance of a Box–Cox normal model for
describing response times is investigated using simulation studies and a real data
example. A transformation-invariant implementation of the deviance information
criterium (DIC) is developed that allows for comparing model fit between models with
different transformation parameters. Showing an enhanced description of the shape of
the response time distributions, its application in an educational measurement context
is discussed at length.

1. Introduction

Recording response times (RTs) on test items is common practice nowadays. As a result,
besides the response patterns, an additional source of information is available to test

developers and testing agencies. For instance, RTs can be helpful in improving the

design of a test or study the response behaviour of test takers. However, an appropriate

statistical treatment of the RTs is required before making any inferences.

Response time experiments have been a major source of inferences about cognitive

processes in experimental psychology (Luce, 1986). To illustrate the type of

experiments and the kind of data that arise from them, we give the following three

examples. Schmiedek, Oberauer, Wilhelm, Süss, and Wittmann (2007) performed
experiments using simple speed tasks to study attention fluctuation and working

memory. One of the experiments reported by these authors was a verbal classification

task where participants had to classify single words into categories of animals or plants.
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Ratcliff and Rouder (1998) performed experiments to study stimulus discrimination,

where participants had to classify the intensity of an array of pixels on a monitor as high

or low. An example of a time pressure study of the well-known speed–accuracy tradeoff

can be found in van der Lubbe, Jaśkowski, Wauschkuhn, and Verleger (2001). There,

participants had to respond before the space between an inner circle and an outer circle

was filled. Typically, experiments like these consist of many repetitions of the same
simple task. The data that arise from such experiments are the RTs (usually of the order

of milliseconds) and accuracy measures (correct/incorrect). For the joint analysis of RT

and accuracy data traditional ANOVA methods have been used up till recently (van der

Lubbe et al., 2001), with inferences based on the mean RTs and the mean proportion

correct scores. An approach that provides more detail on the analysis and relates RTs

and accuracy explicitly is the diffusion model presented by Ratcliff (1978). For more

recent references and approaches that are related to the diffusion model see, for

instance, Ratcliff and Tuerlinckx (2002), Wagenmakers, van der Maas, and Grasman
(2007), and Browne and Heathcote (2008).

In educational assessment, measurement had for a long time to be based on

response accuracy only. This limitation was overcome with the introduction of

computerized test adminstration, which made the accurate collection of RTs feasible.

This means that an additional source of information on test items and test takers has

become available. For instance, when students are not motivated for a test, this might

lead to lower RTs as a result of guessing behaviour, something that cannot be easily

seen from accuracy data alone. Therefore, there is a need to incorporate RTs into the
analysis of test data and study responses and RTs simultaneously. However, there are

some important differences in the data collection process compared to procedures in

experimental psychology. First, in experimental psychology the RTs are linked directly

to theoretical cognitive phenomena which are evaluated, for instance, using

elementary two-choice tasks, whereas in educational measurement the tasks (items)

are of a much higher cognitive complexity. As a result, the observed RTs are in the

range of seconds up to some minutes. Where experiments measured in milliseconds

need to take account of a lower bound on the RTs, this can safely be ignored in
educational measurement due to the size of the measurements. Also, in educational

assessment multiple items are administered that are answered only once, contrary to

the within-subject replications found in experimental psychology. These differences

lead to a somewhat different approach to the joint modelling of RTs and accuracy data

on test items than that mentioned above.

In educational testing, item response theory (IRT) models have served as

measurement models for a latent construct, ability, which is assumed to underlie the

accuracy data. Very different from the diffusion model, RTs are not included in IRT
models. Instead, it will be assumed that individual differences between test takers in

their observed RTs result from differences in speed. That is, speed will be assumed to be

the latent construct underlying the RTs and a separate measurement model is required

for measuring it. At a higher (second) level the relationships between the two

measurement models are modelled to account for possible dependencies between the

RTs and the accuracy data. This leads to a framework of modelling that allows for the

simultaneous analysis of RTs and accuracy data on test items. IRT models have been well

developed, but models for RTs have had much less attention in the psychometric
literature. In this paper, motivated by an empirical problem, we focus on models for RTs

that are flexible in their distributional shapes and fit well into the framework for the

simultaneous analysis of responses and RTs.
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Typically, RTs are non-negative and, as a result, their distribution is positively

skewed. Various types of distributions are able to describe such data and have been

extensively studied, for instance, in the field of lifetime modelling. Examples are the

Poisson, gamma, Weibull, inverse normal, exponential and lognormal distributions. For

discussions on the use of these distributions for modelling RTs in psychometric

applications, the reader is referred to Maris (1993), Roskam (1997), Rouder, Sun,
Speckman, Lu, and Zhou (2003), Thissen (1983), van Breukelen (1995), Schnipke and

Scrams (1997, 2002) and van der Linden (2006). In practice, it is difficult to determine

which distribution would fit the RT data best. The lognormal model has been a

convenient choice, with good results in terms of model fit (Thissen, 1983; Schnipke &

Scrams, 1997; van der Linden, Scrams & Schnipke, 1999; van der Linden, 2006).

Besides, it permits the use of the nice statistical properties of a normal model for the

log-transformed RTs. A normal model easily allows for decomposition of the mean into

item and person effects. Van der Linden (2006) introduced a lognormal model for
describing RTs.

Nevertheless, the analysis of a computerized version of the Medical College

Admission Test (MCAT) revealed that the log-transformed RTs do not always satisfy the

normality assumption (Section 6.2). A Bayesian residual analysis indicated that the

skewness of the RT distributions was not always captured well for the MCAT data.

In such cases, it would be desirable to evaluate the fit of the model against other

distributions. For instance, a gamma model might be more appropriate for describing

the structure of the skewness (Maris, 1993). But fitting and evaluating different RT
models can be laborious and is not desirable from a practical perspective. A more

general approach for describing any RT distribution would be preferred.

The Box–Cox transformation has been widely used to model skewed distributions.

For instance, it finds application in lifetime/failure time models in industry and in

the empirical determination of functional relationships in the field of economics.

Nonetheless, to the authors’ knowledge, it has not found application in the psychometric

literature of response timemodelling. Therefore, the class of Box–Cox transformations is

considered in this study. Using awhole class of transformations gives the researcher more
freedom in analysing response time data. It allows one to choose an appropriate

transformation in order to obtain normally distributed data. Box and Cox (1964)

proposed a power transformation as a function of an unknown parameter n, which
contains the log-transform as a special case:

T ðnÞ ¼
T n21

n ðn – 0Þ;
log T ik ðn ¼ 0Þ;

(

where T denotes the original time and T ðnÞ denotes the Box–Cox transformed time. Note
that the log transform for n ¼ 0 is defined in order to obtain a family of transformations

over a continuous range of n.
To illustrate the flexibility in shape of the Box–Cox density, consider response times T

that follow a Box–Cox normal density with parameters (n, l, t2), n – 0, given by:

f ðtÞ ¼ t ðn21Þ
1ffiffiffiffiffiffiffiffiffiffi
2pt2

p exp 2
1

2

t ðnÞ 2 l

t

2
!
:
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An impression of the different shapes this density can take is given in Figure 1.

For ðl; tÞ ¼ ð6; 1Þ, the density f(t) is plotted for some values of n [ ð0; 1 over a range
of T [ ½0; 80 .

Besides flexibility, it is interesting to evaluate its benefits with respect to model fit as

well as the interpretation of the parameters and its behaviour in a larger framework for

the simultaneous analysis of responses and RTs. Below, the modelling framework is

introduced first, followed by the method of estimation. Thereafter, the problem of how

to obtain the moments of the Box–Cox distribution is discussed. These moments are

helpful in characterizing, for instance, the skewness of the RT distributions. The

presentation of a few tools for evaluating the fit of the model is then followed by
empirical examples as well as simulation studies that address the research questions

above. A discussion of the advantages and disadvantages of the Box–Cox approach for

modelling RTs concludes this paper.

2. A framework for the simultaneous analysis of responses and
response times

The interest of researchers is often focused on studying responses or response times

alone. However, since both data sources contain information on the same items and test

takers, it can be advantageous to study them simultaneously. For instance, the interest

may be in the relationship between speed and accuracy of test takers or the testing of the

common assumption that more difficult items also are more time intensive. Therefore,
a framework that allows for modelling dependencies between responses and RTs is

outlined here.

Measurement models at level 1 separate the variability in the observed responses and

RTs into item and person effects. Just like ability, the speed of the test takers is assumed

Figure 1. Box–Cox normal densities as a function of the transformation parameter n [ ð0; 1Þ and
with fixed mean and variance l ¼ 6, t2 ¼ 1. The density with the leftmost and highest peak is

n ¼ :05, the flattest density is the one with n ¼ 1.
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to be the underlying construct for the RTs. Further, it is assumed that the speed and

ability of the test takers are fixed during the test. This assumption leads to conditional

independence of the responses and RTs of a test taker given the latent traits, which is a

key feature of this model. At level 2, a correlation structure models the dependencies

between the level 1 model parameters.

Not only can the Box–Cox normal model improve the description of the skewness of
the data but, due to the transformation to normality, it also fits this hierarchical

framework nicely. Contrary to a Weibull or gamma RT model, the Box–Cox model

allows the use of easy to implement conjugate normal models for the item and person

parameters at level 2, which enables a straightforward Gibbs sampling approach for

estimation of the model parameters as well.

2.1. Response model
In IRT, it is assumed that the variability in observed response patterns on test items can

be separated into item and person effects. Within an item, the variability between the

responses of different test takers results from differences in their ability, denoted by u.
The higher one’s ability, the higher the probability of giving a correct response. Within a

test, there are differences between items regarding their difficulty. The probability that a
test taker answers an item correctly depends on the difference between the difficulty b

of the item and his or her ability. The way the item distinguishes between test takers of

different ability is described by the discrimination parameter a.

Assuming that the probability that person i ¼ 1; : : : ; N answers item k ¼ 1; : : : ; K
correctly (Yik ¼ 1) follows the two-parameter normal ogive model,

PðY ik ¼ 1jak; ui; bkÞ ¼ Fðakui 2 bkÞ ð1Þ
or, in its latent response formulation,

PðY ik ¼ 1jak; ui; bkÞ ¼
ð1
0

Pðzik;akui 2 bkÞdz;

where Zik $ 0 when Yik ¼ 1 and Zik # 0 otherwise. The model is given in its latent

variable form for computational convenience, as introduced by Albert (1992).

2.2. Response-time model
Analogously, it is assumed that the variability in observed RT patterns on test items can
be separated into item and person effects. For instance, it never happens that a group of

test takers finish the test in the same time. Some persons are working faster than others.

This leads to the assumption that, within an item, the variability in response times

results from differences in speed of working of the test takers. Therefore, a personality

trait for speed is introduced, denoted by z. That is, the speed parameter is assumed to be
the underlying construct for the RTs, just as the ability parameter is for the responses. It

is assumed that during a test, a person works at a fixed speed. In general, within a test,

test takers do not spend equal time on the items. Some items require more time to solve
(it is often assumed that this concerns the more difficult items). As an example, solving

2 þ 5 ¼ ? involves fewer steps than solving 2 þ 5 þ 7 ¼ ? and, therefore, it can be

expected that the latter is more time intensive. To represent these differences in time

intensity of items, an item parameter l is introduced. This parameter can be seen as the
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time analogue of the difficulty parameter. The parameter f reflects the way the item

distinguishes between test takers of different speed levels.

The generalization to a Box–Cox normal model then leads to a linear model for the

transformed RTs:

T ðnÞ ¼
T n
ik21

n , Nð2fkzi þ lk; t
2
kÞ ðn – 0Þ;

log T ik , Nð2fkzi þ lk; t
2
kÞ ðn ¼ 0Þ:

8<: ð2Þ

For notational convenience, the superscript will be dropped and T ik will denote the

Box–Cox transformed time from now on.

2.3. Second-level models
At the second level of modelling, the person parameters are assumed to follow a

multivariate normal distribution. Let ji ¼ ðui; ziÞ, then:
ji ¼ mP þ eP; eP , Nð0;%PÞ; ð3Þ

where mP ¼ ðmu;mzÞ and the covariance structure is specified by

%P ¼
s2u r

r s2z

24 35:
Here, r denotes the covariance between the two person parameters. A positive estimate
for r indicates a positive dependence between ability and speed, meaning that a person
who works faster than average also tends to have an above-average ability.

Similarly, it can be assumed that the item parameters follow a multivariate normal

distribution. Let Vk ¼ ðak; bk;fk; lkÞ; then
Vk ¼ mI þ eI ; eI , Nð0;%I Þ; ð4Þ

where mI ¼ ðma;mb;mf;mlÞ and the covariance structure is specified by

%I ¼

s2a sab saf sal

sba s2b sbf sbl

sfa sfb s2f sfl

sla slb slf s2l

2666664

3777775:

This covariance structure allows for the investigation of dependencies between the item

parameters. For instance, one can test the common assumption that more difficult items

also take more time to solve. Doing so would amount to evaluating the null hypothesis
H0 : sbl ¼ 0 against the alternative Ha : sbl . 0.

3. Bayesian estimation using an MCMC method

The model is estimated by means of a fully Bayesian approach using straightforward

Markov chain Monte Carlo (MCMC) methods. In a Bayesian approach, inferences are

made from the posterior distribution p(ujx). Using Bayes’ rule, the posterior is obtained
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from the observed data x, a realization of X , f(xju), combined with available prior

information, specified as p(u). An introduction to Bayesian inference can be found, for
instance, in Box and Tiao (1973).

Estimation of the posterior distributions of the model parameters requires evaluating

integrals, which, analytically, for complex models, can be an impossible task. A solution

to this problem is to use simulations to approximate the densities. Markov chain Monte
Carlo methods, such as the Gibbs sampler (Geman & Geman, 1984) and the Metropolis–

Hastings algorithm (Chib & Greenberg, 1998), are useful for drawing samples from the

posterior distributions of the model parameters. Although computationally intensive,

these methods remain straightforward when model complexity increases. Gelman,

Carlin, Stern, and Rubin (2004) provide an introduction to MCMC methods; a more

advanced text is Robert and Casella (1999).

Since our interest is in the Box–Cox normal RT model, the sampling steps for the

transformation parameter and the RT model parameters are given explicitly below.
Sampling of the other model parameters is outlined in Appendix A.

3.1. Identification
The RT model can be identified by setting E(z) ¼ 0, which fixes the mean. By
specifying

QK
k¼1fk ¼ 1; a tradeoff between s2z and fk is avoided. Identification of

the hierarchical model can be obtained by fixing the location of the latent traits by

mP ¼ 0. Further, the scale of the ability trait can be fixed in two ways: by setting either
s2u ¼ 1 or

QK
k¼1ak ¼ 1.

3.2. Sampling the Box–Cox parameter
A normal model for the transformed response times is assumed. The likelihood with

respect to the original response times is given by

pðtjnÞ Jðn; t*Þ;
where t* denotes the original response times and Jðn; t*Þ the Jacobian of the

transformation. For n ¼ 0, the Jacobian equals t*
21
; when n – 0, it equals t*

ðn21Þ
.

Different priors for n were studied by Box and Cox (1964), However, these were

outcome dependent; that is, they were was dependent on the observations. Pericchi
(1981) did propose non-informative priors for the transformation parameter that where

not outcome dependent. However, these priors were derived in order to obtain analytic

results on the value of n.
A main problem is that there does not seem to exist a conjugate prior for n (to the

authors’ knowledge), so a Gibbs sampling step for the parameter is not feasible.

However, for a sampling-based approach, the choice of a family of priors is less critical.

For that reason a Metropolis–Hastings (MH) step is proposed, the advantage being that

any chosen prior for n is easily implemented in the MH step. At iterationm, a new value
n*, sampled from a proposal density fðn*jnÞ, is accepted with probability

min 1;
pðn*jtÞ

pðnm21jtÞ £
wðnm21jn*Þ
wðn*jnm21Þ ; ð5Þ

otherwise nm ¼ n m21.

When the optimal transformation is the logartihm, the distribution should converge

to E(n) ¼ 0. However, although a posterior mean of approximately 0 can be obtained,
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a value of n(m) ¼ 0 will practically never be sampled since it has probability 0.

To accommodate the log-transform, consider a critical value C such that when jn(m)j # C,

then n(m) ¼ 0with probability .5. Tuning of the value of C is required, whereby (based on

our experience) a value of .05 can be considered a good starting point.

3.3. Sampling the item and person parameters
Below the conditional posterior distributions of the person and items parameters of the

RT model are presented. Together with the sampling step for the transformation

parameter, these steps constitute the MCMC algorithm for the RT model.

. The person speed parameters z are the parameters of the linear regression of

2Ti þ l on f. Assuming a normal prior zi , Nðmz;s
2
z Þ, the resulting posterior is

again normal with

zijt i;f;l;t2;n,N
s22
z mzþ

PK
k¼1t

22
k fkðlk2tikÞ

s22
z þPK

k¼1f
2
kt

22
k

; s22
z þ

XK
k¼1

f2
kt

22
k

!21!

. The item parameters ðf;lÞ are the coefficients of the regression of Tk on X¼ð2z;1Þ.
Assuming a normal prior, fk;lk,Nðmf;l;%f;lÞ; the posterior distribution is given by

fk;lkjtk;t2k;z;n,N
%21

f;lmf;lþt22k X ttk

%21
f;lþX tXt22k

;ð%21
f;lþX tXt22k Þ21

!

. For the residual variance t2k, a conjugate inverse gamma prior with parameters Inv-
Gamma (g1, g2) is assumed. The posterior is then again an inverse gamma
distribution with parameter g1þN=2 and scale parameter g2þðtk2ð2fkzþlkÞÞt
ðtk2ð2fkzþlkÞÞ=2:

4. Moments of the response-time distributions

We will use the first three moments about zero of the distributions to assess the

differences between the lognormal and Box–Cox normal models. More specifically, it is

expected that these models will differ in their third moment, which characterizes the

skewness of the distribution. Therefore, only the estimation of the first three moments

of the distributions is considered in this study.

How to obtain the moments of the lognormal distribution is well known.

However, the moments of the Box–Cox normal distribution are not so straightforward
to estimate, except for some specific transformations, such as n ¼ 2 or n ¼ 0:5. Freeman
and Modarres (2006) studied the properties of the inverse Box–Cox transformation. Let

Y ¼ ðX n 2 1Þ=n, Z ¼ ðY 2 mÞ=s and Y , Nðm;s2Þ. Then X is power-normal

distributed, or X , PNðn;m;s2Þ. The authors derived the rth moment of X as

EðX rÞ ¼ ðnmþ 1Þr=n þ
X1
i¼1

1

i!
ðnmþ 1Þr=n2isiEðZ iÞ

Yi21
j¼0

ðr2 jnÞ; ð6Þ

for n – 0. Moreover, they showed that these moments can be approximated by

EðX rÞ < ðnmþ 1Þr=n þP
iðsi=ð2i=2ði=2Þ!ÞÞðnmþ 1Þr=n2iEðZ iÞQi21

j¼0ðr 2 jnÞ, where i . 0

and even. When n ¼ 0 the moments of the lognormal distribution can be
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approximated by E(Xr) ¼ exp (rm þ (r2s2/2)). These results will be used to

approximate the moments of the distributions.

From these raw moments, the second central moment, which corresponds to the

variance, and the third standardized moment, which is a measure of the skewness of

the distribution, are obtained.

5. Evaluating model fit

Model fit will be evaluated using two methods: (i) Baysian residual analysis by evalua-

ting the posterior probabilities under the model, and (ii) a deviance information

criterion (DIC).

The transformed values tij are evaluated under their predictive density under the RT

model. Subsequently, the probability PðT ik , tikjy; tÞ can be approximated by

PðT ik , tikjy; tÞ <
XM
m¼0

FðtikjzðmÞ
i ;fðmÞ

k ; lðmÞ
k ; nðmÞ

k Þ=M

from the M iterations of the MCMC chain. Now, the probability integral transformation
theorem (e.g. Casella & Berger, 2002) implies that under the true model these

probabilities are distributed asUð0; 1Þ. This feature allows evaluation of the model fit. To
do so, the calculated probabilities of the items are plotted against their expected values

under the Uð0; 1Þ distribution. If the underlying distribution really is Uð0; 1Þ, these plots
should be approximately linear.

Graphical model checking can be very helpful in understanding in what way a fitted

model departs from the data. However, graphical comparison of two competing models

can be difficult when they are close. Also, the proposed graphical check does not
penalize for model complexity. Therefore, the DIC (Spiegelhalter, Best, Carlin, & van der

Linde, 2002), which does account for model complexity, should be estimated as well.

Besides being a useful test statistic for model comparison, it has the advantage that it is

easily obtained as a by-product of the MCMC chain.

The deviance Dðt;f;l; n; zÞ is given by:
Dðt;f;l; n; zÞ ¼ 22 log pðtjf;l; n; zÞ

¼ N
XK
k¼1

log ð2pt2kÞ þ
XK
k¼1

XN
i¼1

ðtik 2 ð2fkzi þ lkÞÞ2=t2k

þ
XK
k¼1

XN
i¼1

log J ik;

where J ik denotes the Jacobian of the transformation, which is ðtikÞ21 when n ¼ 0 and

ðtikÞðnk21Þ when nk – 0, with tik the original observation. The DIC is equal to the

deviance plus a penalty term for model complexity, and is given by

DIC ¼ Dþ ðD2 D̂Þ;
with D < 1

M

PM
m¼1Dðt;fðmÞ;lðmÞ; nðmÞ; zðmÞÞ;m ¼ 1; : : : ; M, denoting the number of

iterations of the algorithm, and D̂ < EðDðt;fðmÞ;l; n; zÞjt*Þ: Spiegelhalter et al. (2002)
report that when using the posterior median instead of the posterior mean to estimate

A Box–Cox normal model for response times 629



the DIC, the term for model complexity is invariant to transformations. However, the

DIC is constructed from a likelihood-based term plus the correction for model

complexity. Different transformations lead to different scales of the data and thus affect

the likelihood. The Jacobian of the transformation is to guarantee that all DIC

values correspond to one common scale (the original time scale). As a result, this DIC

allows the comparison of model fit for different transformations.

6. Flexibility of the Box–Cox normal model

To illustrate the possibilities of the Box–Cox approach for modelling response times on
test items, two examples are given here. In the first example, it will be shown that the

Box–Cox normal model can approximate data resulting from Weibull, gamma and

exponential models. The second example analyses an empirical data set and shows that

model fit can be improved when the lognormal model is generalized to a Box–Cox

normal model.

6.1. Approximation of Weibull, gamma and exponential data
The aim of this example is to show that if the true underlying distribution of the RTs

is gamma, Weibull or exponential, the Box–Cox normal distribution can be a good

approximation to the RTs.
For our example, we used the empirical mean and variance of the RTs of three items:

The first was obtained from a Raven test taken by 300 German army recruits for which

ðmean; varÞ ¼ ð64; 1766Þ. The second was from a computerized version of the MCAT for

which ðmean; varÞ ¼ ð190; 4904Þ seconds. Rouder et al. (2003) used a Weibull

distribution to model reaction times and report a typical estimate for the shape

parameter of 2. This value was used for the third item. The parameters for the gamma,

Weibull and exponential distribution were chosen so as to correspond closely with the

estimated means and variances of the selected items.
Subsequently, 10,000 data points were simulated under these models, and the Box–

Cox normal model was fitted to the data. From the Box–Cox normal model parameter

estimates obtained, the density function was plotted together with the density function

of the true underlying distribution. The lognormal density was plotted on the same

figures; see Figures 2–4. Furthermore, estimates of the DIC criterion as well as the

moments of these distributions were obtained. Table 1 summarizes the results.

As can be seen from the figures, the Box–Cox normal model approximated the

three chosen distributions quite well. Both the regions of highest density as well as
the tails of the distributions are captured. Only for the exponential model did the

lognormal and Box–Cox normal models have problems describing the density near 0.

From Table 1 it can be seen that the means of the lognormal and Box–Cox densities

were quite close, using (6). However, there were especially sharp differences in the

skewness of the distributions. In all cases, the lognormal distribution was more

skewed to the right than the Box–Cox normal distribution. For each distribution, one

example is given in Figures 2–4. The lognormal model distribution was more peaked.

According to the DIC criterion, the best descriptions of the data were obtained with
the Box–Cox normal model. Of course, this does not prove that the Box–Cox model is

well suited to approximating all possible gamma or Weibull models. However, the aim

of this example was to show that, for a typical range of RTs, the Box–Cox model does

provide a good approximation to such data.
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6.2. Empirical example
For this example, the data of 405 test takers on 214 items from a computerized version

of the MCAT were analysed. Six items were omitted from the data set because the

algorithm showed convergence problems for them. For the remaining items, only a few

observations were missing (less than 1%). These were assumed to be missing at random

and were ignored in the estimation procedure. Preliminary analysis showed that the
time discrimination parameter did not vary across items using the DIC criterion. The

analyses reported below were therefore conducted under the restriction f ¼ 1.

Figure 3. Density of the Exponential(1/64) function, its lognormal and its Box–Cox normal

approximation.

Figure 2. Density of the Gamma(3, 0.05) function, its lognormal and its Box–Cox normal

approximation.
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Two models were fitted to the data: model M1 with the restriction n ¼ 0
(lognormal model) and the more general Box–Cox model M2 with n – 0. The prior for

the person parameters was fixed at a mean of mz ¼ 0 (for identification) and had a (low-

informative) variance of s2z ¼ 10. For the item parameters, (low-informative) priors

ðml;slÞ ¼ ð0; 10Þ were chosen. Since the values for n are usually within the range of

½21; 1 , a slightly informative uniform Uð24; 4Þ density was specified as prior. The

models were estimated using 100,000 iterations of the MCMC algorithm, from which

every 10th sample was stored. The reason for doing so is to reduce the autocorrelation

between the draws of the transformation and item parameters. The draws of the
transformation parameter affect the mean and variance of the distribution on the

Figure 4. Density of the Weibull(2, 5) function, its lognormal, and its Box–Cox normal

approximation.

Table 1. Parameter estimates, estimated moments (mean, variance and skewness) and DIC for the

approximation of gamma, exponential and Weibull data

Distribution Parameters Moments
Model fit

Simulated Approximated m̂ ŝ n̂ E(X) Var(X) Skewness DIC

Gamma(3, 0.05) lognormal 3.92 0.64 0 61.0 1757 2.39 97231

Box–Cox 7.89 2.04 0.31 59.8 1164 1.60 96591

Gamma(7.4, 0.04) lognormal 5.1 0.39 0 176.9 5217 1.29 111411

Box–Cox 12.1 1.78 0.30 175.6 4266 0.89 111221

Expon(l/64) lognormal 3.59 1.27 0 81.2 26403 10.8 105128

Box–Cox 6.27 3.06 0.27 59.4 3743 2.40 103373

Expon(l/200) lognormal 4.22 1.28 0 154.2 97762 11.0 117721

Box–Cox 8.34 3.58 0.26 126.9 17620 2.43 116022

Weibull(2, 5) lognormal 1.32 0.63 0 4.59 10.44 2.46 45744

Box–Cox 2.12 1.17 0.53 4.43 5.43 0.77 44066

Weibull(5, 6) lognormal 1.65 0.31 0 5.48 3.11 0.99 38246

Box–Cox 4.66 1.62 1.04 5.45 2.30 20.03 36779
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transformed time scale and therefore influence lk and tk. It appeared sufficient to

discard the first 1,000 stored samples and base the estimates of the model parameters

and the model fit criteria on the remaining 9,000 samples. Rerunning the algorithm with

different starting values confirmed convergence of the chains.

Table 2 gives the estimated DIC for each model. It can be seen that M2 should be

favoured over themore restrictedmodelM1. At the item level, the graphical model check
suggested an improvement of model fit for the majority of the items for the Box–Cox

model. The .95 highest posterior density region of the transformation parameter was

estimated as (.19, .21). Since the DICwas calculated by summing the deviance terms over

the items, it was straightforward to obtain the estimates of the DIC at the item level as

well. From these results, it followed that model M2 was selected by the DIC overM1 for

174 of the 214 items.

The graphical posterior check suggested that the lognormal model assigned

somewhat more weight to the middle region and somewhat less to the tails of the

distributions. Plotting the estimated densities of the three models for some items

confirmed this impression; the plots showed that the density of the Box–Cox model was

less peaked near its highest density region and has somewhat wider tails than the

lognormal model. On average, these difference resulted in an improved description of
this data set.

6.2.1. Item-specific transformation parameters
The flexibility of the RT model may be improved further by making the transformation

parameter item-specific. We explored this possibility mainly for theoretical reasons

but observe that item-specific transformations also lead to item-specific time scales.

As discussed below, we therefore expect the applicability to be low.

Using the DIC, the introduction of the item-specific transformation (model M3)

resulted in improved model fit for 150 items. Except for 17 items, the estimates of the DIC

criterion suggested that the improvement inmodelM3 relative tomodelM1was significant.
The .95 highest posterior density regions of the transformation parameters n were

consistent with these results as well (zero not being contained within these regions).

Overall, the DIC for the complete data set decreased to 820,963 for M3. Although an

improvement, the decreasewas smaller than for the transition fromM1 toM2 (see Table 2).

In order to illustrate the effect of the Box–Cox transformation for this real-data

example, three cases are given in Figures 5–7. These cases were chosen because they

reflected a range of parameter values for nk. It can be seen that, for item 86, there was

no noticeable difference between the two competing models even though the DIC
criterion suggested a slight loss of model fit for the Box–Cox model. On the other hand,

the Box–Cox model showed substantial improvement for item 4. For item 15, the result

was between the two other items and pointed to a slight improvement in our

description of the data.

Table 2. Estimated DIC values for the models of the MCAT analysis

Model DIC

M1 Lognormal 830132

M2 Box–Cox 822847

M3 Box–Cox (item-specific) 820963
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7. Model interpretation and selection

It is interesting to determine the effects of the different transformations on the

interpretation of the RT model parameters. These should help to guide our choice of

model for different types of analyses.

Figure 6. Cumulative probability plots of the posterior probabilities of item 15. Left: lognormal

model, DIC¼4189, n ¼ 0. Right: Box–Cox normal model, DIC ¼ 4142, EAPðnÞ ¼ :19, .95

HPDðnÞ ¼ ½:12; :24 .

Figure 7. Cumulative probability plots of the posterior probabilities of item 4. Left: lognormal

model, DIC ¼ 3918, n ¼ 0. Right: Box–Cox normal model, DIC ¼ 3810, EAPðnÞ ¼ :26, .95

HPDðnÞ ¼ ½:21; :31 .

Figure 5. Cumulative probability plots of the posterior probabilities of item 86. Left: lognormal

model, DIC ¼ 4751, n ¼ 0. Right: Box–Cox normal model, DIC ¼ 4761, EAPðnÞ ¼ :05, .95

HPDðnÞ ¼ ½:00; :10 .
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Upon transformation, the RTs are assumed to follow a normal model. In educational

testing, it is natural to assume variability across persons aswell as items. Differences in the

times required to solve the items are reflected by the time intensities lk of the items. That
is, if item1 ismore time intensive than item2, thiswill be reflected by l1 . l2. From (2), it

can be seen that then the expected RTs on item 1 will be higher than those on item 2 as

well: EðT l1Þ . EðT l2Þ, which holds for every z. For the speed parameters, the
relationshipwith the expected RTs is negative. That is, if person 1 has a speed ofworking

z1 greater than person 2 with speed z2, then for every item EðT z1Þ , EðT z2Þ. The
discrimination parameterf does not affect these relationships. It only controls the rate of
decrease in expected RT on an item for one step of increase in speed of a test taker.

For nk ¼ n, k ¼ 1; : : : ; K (that is, one common transformation parameter for all

items in the test), the interpretation above holds. All parameters are on the same

transformed time scale, so it does not make any difference whether n ¼ 0 or n – 0. Also,

the sign of the relationships between ðu; zÞ or ða;fÞ, modelled at the second level,
remains the same. Note, however, that the interpretations of time intensity and speed of

the parameters do not hold for the original time scale. For instance, two items on the log-

time scale both with l ¼ 3, but with t21 ¼ 2 and t22 ¼ 4, have a mean on the time scale of

exp ð3þ 2=2Þ and exp ð3þ 4=2Þ, respectively.
Things are different for item-specific transformations, that is, when nk – n,

k ¼ 1; : : : ; K . These transformations result in item-specific scales. As a result, it is

impossible to interpret differences between the item parameter estimates directly as

differences between item characteristics. To do so, an extra scaling step would be
required. Observe that for RTs on multiple tests, each with their own transformation,

the same problem occurs and a scaling step would be required as well. Although the

scale of the item varies under transformations, it can be seen that for two persons with

z1 . z2 their expected RTs (on any item) are still ordered by EðT z1Þ , EðT z2Þ, regardless
of the transformation. So, by definition, the ranking of the speed parameters is invariant

under these transformations. Thus, item-specific transformations do affect the scale of

the population distribution, s2z , as well as the covariance between ability and speed. But
they do not lead to interpretative difficulties for the speed parameters or the
dependency between ability and speed.

In practice, however, difficulties might arise in the case of missing data. Even when

the missing data are ignorable, the analysis may still result in different scales for different

test takers: as the scale is item-specific, a test taker who misses an item immediately

works on a different speed scale.

In conclusion, the following practical guidelines can be given:

. The case of a common transformation parameter for all items in a test maintains the
interpretation of the RT model parameters. It gives the researcher the freedom to fit

different distributional shapes to the RT data and admits comparisons between the

person and the item parameter estimates for the test.

. When the interest is in parameter estimates for multiple tests, the transformation

parameter should be restricted to be common to all tests. Then all parameters are on

the same scale, and no additional equating of scale is necessary to make comparisons.

. More general item-specific transformations are usually ofmain interestwhen the focus

is on inferences with respect to the ranking of the person parameters. The item
parameters are not directly comparable and would require rescaling to a common

scale first. An example where the item-specific transformation might be of interest is

the study of possible aberrant behaviour of test takers, for which van der Linden and
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Guo (2008) presented an approach based on residual analysis. Then, the focus is on

the individual person–item combinations and model fit is important to avoid

misleading conclusions.

8. Discussion

Transformations to normality have obvious and much exploited advantages for the

statistical modelling of non-normal data. For modelling response times in a

psychometric application, the log-transform has proven to be useful. However, this
study was motivated by a data set for which the lognormal model was not able to

capture certain aspects of the data. Therefore, the class of Box–Cox transformations

was considered, which allows for more flexibility in the description of the data. The

examples illustrated how the Box–Cox transformation parameter affects the shape of RT

distributions and, as a result, improves the description of the data.

In Section 2, the full modelling framework for responses and RTs on test items

was developed to place the RT model in a broader context. A strong feature of the

Box–Cox model is that its transformation of the data leaves the standard modelling
framework intact.

In educational testing, it makes sense to decompose observed RTs into item effects

(time intensity) and person effects (speed). Therefore, the parameters of the RT model

presented in (2) have a clear interpretation in an educational context. Also, its conjugacy

with the multivariate normal level-2 models for the person and item parameters

allows for straightforward modelling of the dependencies between the parameters in

the level-1 models (van der Linden, 2007; Fox, Klein Entink, & van der Linden, 2007).

Transforming the data instead of the model parameters provides the flexibility of
using different distributional shapes for the RTs, while the MCMC algorithm is easily

extended with an additional sampling step. On the other hand, for instance, the use of a

more flexible three-parameter Weibull distribution instead of the Box–Cox

transformation would require the replacement of the MCMC steps for the current

normal RT model by much more complicated procedures since the conjugacy between

the level-1 and level-2 models is then lost.
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Appendix A. Estimation of the hierarchical framework

This section briefly outlines the MCMC algorithm for the full hierarchical framework.

A simulation study to illustrate the parameter recovery of this algorithm is given in
Appendix B. The model can be identified by setting the means of the person parameters

ðu; zÞ to zero ðmP ¼ 0Þ and by specifying QK
k¼1fk ¼ 1 and

QK
k¼1ak ¼ 1 which fixes the

scale of the latent variables. Fox et al. (2007) provides a Gibbs sampler that uses

identification for the ability scale by restricting s2u ¼ 1, where the identifying

restrictions are directly incorporated into the prior distributions.

A.1. Linear measurement models for augmented data
The vector of augmented data Zi ¼ ðZi1; : : : ; ZikÞ minus the vector of

difficulty parameters, bT , and the similar vector of response times log Ti ¼
ð log T i1; : : : ; log T iK Þ minus the vector of time intensity parameters, lt , are

stacked in a vector Z*i. Then, both measurement models can be presented as a linear
regression structure,

Z*i ¼ ða%2fÞðui; ziÞt þ ei

¼ xIji þ ei ð7Þ
where ei , Nð0;C2K Þ and C2K ¼ IK % IKt

2.

Similarly, let Zk ¼ ðZ1k; : : : ; ZnkÞt and the vector of log response times,

logTi ¼ ð log T 1k; : : : ; log TnkÞt , to item k be stacked in a vector Zk. Define covariate
matricesHu andHz and ðu;21nÞ and as ð2z;1nÞ, respectively. A regression structure for
the item parameters can be presented as

Zk ¼ ðHu%HzÞðak; bk;fk; lkÞt þ ek

¼ xPVk þ ek ð8Þ
where ek , Nð0;C2N Þ and C2N ¼ IN % INt

2
k.

A.2. Hyperpriors
As a hyperprior for ðmI ;%I Þ, a normal inverse Wishart distribution is chosen. That is,

%I , Inv-Wisharty I ðV21
I Þ

mI j%I , NðmI0;%I=kÞ;
where y1 and V1 are the degrees of freedom and scale matrix of the inverse Wishart
distribution, mI0 is the prior mean and k the number of prior measurements.

Similarly, as a hyperprior for %P, an inverse-Wishart distribution is chosen. That is,

%P , Inv-WishartyP ðV21
P Þ

where yP and VP are the degrees of freedom and scale matrix of the inverse Wishart
distribution. The mean mP is fixed at 0 with probability 1 because of the identification
restrictions.
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A.3. MCMC algorithm
Estimation of all model parameters for the full hierarchical framework proceeds as

follows:

Step 1. Sample augmented response data according to (1), given the values for the item

and ability parameters.
Step 2. Sample values for the item parameter from pðVkjZk; j;mI ;%I Þ for

k ¼ 1; : : : ; K . A product of a normal likelihood and a normal prior again leads to a

normal posterior distribution. So, from (8) and (4), it follows that

Vk , MVNðmVk
;%Vk

Þ

where %21
Vk

¼ xtPC
21
2NxP þ %21

I and mVk
¼ %Vk

ðxtPC21
2NZk þ %21

I mI Þ:
Step 3. Sample values for the ability speed parameters from a multivariate normal

distribution. Analogous to Step 2, the full conditional posterior distribution is

constructed from a multivariate normal likelihood, (7) and a multivariate normal prior

distribution as

ji , MVNðmji ;%ji Þ

where %21
ji

¼ xtIC
21
2KxI þ %21

P and mji ¼ %ji ðxtIC21
2KZi þ %21

P mPÞ:
Step 4. For the residual variance t2k, a conjugate inverse gamma prior with

parameters Inv-Gammaðg1; g2Þ is assumed. The posterior is then again an

inverse gamma distribution with parameter g1 þ N=2 and scale parameter
g2 þ ðtk 2 ð2fkzþ lkÞÞtðtk 2 ð2fkzþ lkÞÞ=2.
Step 5. Draw a new value for n from a proposal density wðn*jnÞ and accept the draw with

the probability specified in (5).

Step 6. The hyperprior parameters are related to a multivariate normal model for the

person parameters, mP ;%P , or a multivariate model for the item parameters, ðmI ;%I Þ.
* The full conditional posterior distribution of ðmI ;%I Þ has a normal inverseWishart

distribution (e.g. Gelman et al., 2004). It follows that

pðmI j%I ;m0;V;V I Þ ¼ Nððkm0 þ KVÞ=ðkþ KÞ;%I =ðK þ kÞÞ

where V ¼ P
kVk=K . Subsequently, the full conditional of %I is an inverse

Wishart with parameter K þ y I and scale parameter V I þ
P

kðVk 2VÞ
ðVk 2VÞt þ kK

kþK ðV2 m0ÞðV2 m0Þt :
* Similarly, the full conditional of %P is an inverse Wishart with parameters N þ yP

and scale parameter VP þ
P

nðjn 2 jÞðjn 2 jÞt þ kK
kþN ðj2 mP0Þðj2 mP0Þt :

Appendix B. Simulation

To illustrate the parameter recovery for the algorithm for the full hierarchical
framework, a simulation study was performed. We simulated responses under the

two-parameter logistic model and RTs under the RT model with n ¼ 0.3 for 1,000 test

takers answering 20 items. The ability and speed parameters were randomly drawn from

ui , Nð0; 1Þ; zijui , Nð0; 1Þ with r ¼ :5 (see equation (3)). The item parameters were

randomly drawn according to: ak , Nð1; 0:1Þ; bk , Nð0; 1Þ, lk , Nð10; 2Þ and the time
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discrimination parameters were generated from fk , Nð2; 0:3Þ and subsequently

standardized to ensure that
QK

k¼1fk ¼ 1.

The model was identified by setting mP ¼ 0;s2u ¼ 1 and
QK

k¼1fk ¼ 1. The prior

variance s2z was chosen to be non-informative and was set to 100, the prior covariance
between ability and speed was chosen to be r0 ¼ 0. Priors for the item parameters were

non-informative as well and were chosen to be mI0 ¼ ð1; 0; 1; 0Þ and a diagonal matrix
with 10 on its diagonal for the prior covariance matrix. That is, we assumed prior

independence between the response and RT model parameters.

The algorithm was run for 100,000 iterations of which every tenth was stored

to account for autocorrelation induced by the Box–Cox transformation, since the

transformation affects the mean and variance of the RT distribution. From the stored

samples, the first 1,000 were discarded as burn-in. The simulated (true) values and the

re-estimated values (expected a posteriori, EAP) plus standard deviations of the model

parameters are given in Table B1. Graphical inspection of the re-estimated ability and
speed parameters showed that their values were in good agreement with their true

values. The EAP estimate of the transformation parameter was EðnÞ ¼ 0:309 and its .95
highest posterior density region was estimated to be (0.293,0.323), which includes the

true value of n ¼ 0:3. It can be seen that for this example the parameter recovery of the
algorithm was good, even with a moderate number of items.

Table B1. Simulated and re-estimated model parameters

a b a b

True EAP SD True EAP SD True EAP SD True EAP SD

0.92 1.04 0.08 21.66 21.77 0.10 0.79 0.85 0.03 7.99 8.14 0.16

0.96 0.96 0.06 0.12 0.14 0.05 0.77 0.78 0.03 10.27 10.49 0.23

1.00 1.03 0.08 1.44 1.53 0.08 1.20 1.20 0.03 8.30 8.49 0.17

1.06 1.07 0.07 20.96 20.94 0.06 1.22 1.18 0.03 7.24 7.33 0.14

0.91 0.87 0.06 0.33 0.33 0.05 1.27 1.26 0.03 6.41 6.50 0.11

1.04 0.96 0.06 20.49 20.56 0.05 0.85 0.88 0.03 5.50 5.55 0.09

0.84 0.74 0.08 1.79 1.76 0.09 0.82 0.84 0.03 7.63 7.80 0.15

0.93 0.98 0.07 20.88 20.85 0.06 1.20 1.23 0.03 6.75 6.92 0.12

0.98 1.01 0.06 0.04 0.08 0.05 0.73 0.73 0.03 9.04 9.26 0.19

0.95 0.86 0.08 1.59 1.47 0.08 1.06 1.05 0.04 4.00 3.99 0.06

0.90 0.94 0.12 22.60 22.69 0.18 0.86 0.80 0.03 7.41 7.53 0.14

0.88 0.96 0.09 21.69 21.85 0.10 1.04 1.03 0.03 6.85 6.94 0.12

1.08 1.06 0.07 0.69 0.69 0.05 1.06 1.08 0.03 11.03 11.34 0.26

1.00 1.06 0.07 0.89 0.91 0.06 1.15 1.14 0.03 8.31 8.48 0.17

1.11 1.16 0.07 0.05 0.08 0.05 1.01 1.05 0.03 8.72 8.89 0.18

0.68 0.71 0.08 1.73 1.81 0.09 0.95 0.93 0.03 4.87 4.89 0.07

1.02 1.02 0.07 20.99 20.97 0.06 1.25 1.21 0.03 8.21 8.32 0.16

1.10 1.23 0.08 21.26 21.37 0.08 1.01 1.02 0.03 9.65 9.82 0.21

1.12 1.09 0.06 20.03 20.01 0.05 0.88 0.88 0.03 10.22 10.47 0.23

1.11 1.06 0.08 1.67 1.69 0.09 1.14 1.12 0.03 8.77 8.98 0.18
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